Introduction
This report is one of a series [1] [2] [3] on the digital geometry of thtree-dimensional images. Three-dimensional images are routinely produced in computed tomography (CT) where values (CT numbers) are assigned to volume elements (voxels), which are rectangular parallelepipeds filling a portion of threedimensional space. In this report we consider binary-valued images, as might be obtained by applying a threshold to an image produced by CT. This series of reports provides a theoretical basis for the three-dimensional analogs of various processing algorithms, such as segmentation, thinning, connected component labelling and counting.
In this report we define simple surface points and simple closed surfaces, and show that any connected collection of simple surface points forms a simple closed surface, thus proving a three-dimensional analog of the two-dimensional Jordan curve theorem. We also show that the converse is not a theorem (in contrast to the two-dimensional case), and discuss more complex surface types. The concepts introduced conform as closely as possible to the corresponding concepts used in the topology and geometry of continuous three-dimensional space.
The approach here is fundamentally different from that of Artzy, Frieder, and Herman [4] and Herman and Webster [5] in that we construe surfaces to be sets of vnxels, rather than SURACE IN EE-EE4IMENSI n6 eq 
7.
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Approved for public release; distribution unlinited. This is one of a serioes of reports on the digital geometry of threedimensional images, such as those produced by computed tomography. In this report we define simple surface points and sinple closed surfaces, and show that any connected collection of simple surface points form a simple closed surface, thus proving a three-dimensional analog of the tw-dimensional Jordan curve theorem. We also show that the converse is not a theorem (in contrast to the two-dimensional case) and discuss more complex surfaces type; of faces of voxels. The approach of representing the boundary between an object and its surrounding by a set of faces separating pairs of voxels may be used to describe the surface of any object which is "connected" in some appropriate sense, but has the disadvantage of not providing a natural framework for processes such as thinning. Our approach,which treats surfaces as "thin" objects, is complementary to theirs. Algorithms such as thinning are simplified (a paper on the theory of 3-D thinning is in preparation) but it is not true that such a surface can be used to describe the border of any object. We will indicate later how surfaces of faces may be encoded by surfaces of voxels.
There is a well developed theory of geometry and topology for subsets of two-dimensional arrays [6 ] . Some early work on 3-D digital geometry was done by Gray [7 1 and Park [8 ] . A more complete set of references is given in E1].
We begin with a short discussion of connectivity and components in 3D; a more detailed discussion of these topics, as well as distance, curves, surroundedness, borders, and genus, By a path n of length n>O from p to q in E, we mean a sequence of points p=p 0 ,...Pn =q of E such that pi is adjacent to Pi-l' lsi~n. Any point alone is a path of length 0. We thus speak of 6-paths and 26-paths depending on the type of adjacency used.
Let S be a non-empty subset of E. To avoid special cases we assume that S does not meet the border of Z. We say p and q are connected in S if there exists a path from p to q consisting entirely of points of S. Connectivity is an equivalence relation, since a path of length 0 is a path, the reversal of a path is a path, and the concatenation of two paths is a path. adjacent to a surface point p. Now suppose that all q Ap are also surface points (so that p is not near an "edge" 
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Pi-iAlso, if every pj, 1.j;i-l is adjacent to Bi_ 1 and to C._ , then every pj, lji is adjacent to B i and Ci, since BpiPi-l and C are each adjacent to pi. Then B =Bn and C-C are pipi-l n n the desired subsets.EJ Remark. In Propositions 4 and 5 we could let n be any path such that the points being added at the ith step in the constructions are nowhere adjacent to those already considered except inside N(pi).
In particular, when 6-connectedness is used for S we can use any of the six principal half-lines, and when 26-connectedness is used for S we can use any of the 26 principal half-lines. Also, paths that turn are not strictly disallowed in the 26-connected case.
Let w=pl,...,p n be a run of (not necessarily orientable)
surface points along a principal (say north) half-line h p emanating from pES such that p 0 and Pn+l (the points preceding When hp crosses S an even number of times in runs fi ' ' . ' Proof: Suppose there is a path pl,...,pn from p to q in S where p is inside and q is outside. Then there exist two consecutive points pi,Pi+l on the path such that pi is inside and pi+l is outside, a contradiction to Proposition 9. 0 Proposition 11. The inside and outside of S are both non-empty.
Proof: The border of E consists of outside points. Let P be the northmost plane that meets S, and Pn and Ps the planes immediately to the north and south of P, and let pEPAS. Since N 2 7 (P)fOP n is all in S, it must be that (say) Bp lies entirely in Ps, while Cp contains PnnN27(p). Let qEBp; it must have a point tES as its north neighbor (it could be that t=p), since otherwise q would be connected to P nNN7(P)QC . Then h n 27 P q crosses S in n=t, so that q is inside.D Proposition 12. S-{p} has no cavities, where p is any point of the closed surface S.
Proof: Let q and r be in distinct components of SU{p}, so that every path from q to r contains at least one point in S-{p}. The above definition of simple closed surface may be termed a local one, in that except for the connectivity requirement the conditions on the points are local. In two dimensions the converse of the Jordan curve theorem shows that curves are actually characterized by the global specification of the theorem; namely, if S is connected, S has exactly two components, and every point of S is adjacent to both these components, then S is a curve. The following proposition shows that in 3D no such characterization of simple closed surfaces is possible.
Proposition 15. Let S be connected, S have exactly two components, and every point of S be adjacent to each component of S;
then S is not necessarily a simple closed surface.
